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Using the triangular norm T (conorm S) in the context of n-ary polygroups, we introduce
the concept of an interval-valued (anti) fuzzy n-ary subpolygroup with respect to T (S
respectively). A necessary and sufficient condition for an interval-valued fuzzy subset in
order to be an interval-valued (anti) fuzzy n-ary subpolygroup is established and some
important results are presented. This study is useful for the most computational part of
fuzzy control, which is the defuzzification.
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1. Introduction
Sets endowed with one n-ary operation having different properties were investigated by many authors. Such systems
have many applications in different branches. The idea of investigating such systems seems to go back to E. Kasner’s
lecture [1] at the fifty-third annual meeting of the American Association for the Advancement of Science in 1904 where
subsets of groups closed with respect to the multiplication of n elements were described. The first paper concerning
the theory of n-ary groups, which is a generalization of the notion of a group, was written (under the inspiration of
Emmy Noether) by W. Dörnte in 1928 (see [2]). In his paper Dörnte observed that any n-ary groupoid (G; f ) of the form
f (x1, . . . , xn) = x1 · x2 · . . . · xn, is an n-ary group, where (G; ·) is a group but for every n > 2 there are n-ary groups which
are not of this form.
The concept of a hypergroup which is based on the notion of hyperoperation was introduced by Marty in [3] and studied
extensively bymanymathematicians. Hypergroup theory extends somewell-known group results and introduce new topics
leading thus to a wide variety of applications, as well as to a broadening of the fields of investigation. The principal notions
of hypergroup theory can be found in [4–6]. A recent book [5] contains a wealth of applications. There are applications in
the following subjects: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough sets, automata, cryptography,
combinatorics, codes, artificial intelligence, and probabilistic. Applications of hypergroups have mainly appeared in special
subclasses. For example, polygroups which form an important subclass of hypergroups were studied by Comer [7,8]. Quasi-
canonical hypergroups (called ‘‘polygroups’’ by Comer) were introduced for the first time in [9], as a generalization of
canonical hypergroups, introduced in [10]. Davvaz and Poursalavati in 1999 [11] introduced matrix representations of
polygroups over hyperrings, also, they introduced the notion of a polygroup hyperring generalizing the notion of a group
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ring, also see [12]. Zahedi, Bolurian and Hasankhani in 1995 [13] introduced the concept of a fuzzy subpolygroup. In [14],
Davvaz considered the factor polygroup and interpreted the lower and upper approximations as subsets of the factor
polygroup and then he introduced the concept of a factor rough subpolygroup. Also, using the concept of a fuzzy set, he
introduced and discussed the concept of a fuzzy rough polygroup.
n-ary generalizations of algebraic structures are themost naturalway for further development and deeper understanding
of their fundamental properties. Davvaz in [15] studied approximations in algebraic systems. Ameri and Zahedi studied
algebraic hypersystems in [16]. In [17], Davvaz and Vougiouklis introduced the concept of n-ary hypergroups as a
generalization of hypergroups in the sense of Marty. Also, we can consider n-ary hypergroups as a suitable generalization of
n-ary groups. Leoreanu-Fotea andDavvaz [18] introduced and studied the notion of a partial n-ary hypergroupoid, associated
with a binary relation. Some important results, concerning Rosenberg partial hypergroupoids, induced by relations, are
generalized to the case of n-ary hypergroupoids. Ghadiri and Waphare [19] defined n-ary polygroups, as a subclasses of
n-ary hypergroups and as a generalization of polygroups.
After the introduction of fuzzy sets by Zadeh [20], reconsideration of classical mathematics began. On the other hand,
because of the importance of group theory in mathematics, as well as its many areas of application, the notion of a fuzzy
subgroup was defined by Rosenfeld [21] and its structure was investigated. In 1979, Anthony and Sherwood [22] redefined
the fuzzy subgroup using the statistical triangular norm. This notion was introduced by Schweizer and Sklar [23] in order
to generalize the ordinary triangle inequality in a metric space to the more general probabilistic metric space. Since then,
many researchers have been engaged in extending the concepts and results of abstract algebra to broader framework of the
fuzzy setting.
In 1975, Zadeh [24] introduced the concept of interval-valued fuzzy subsets, where the values of the membership
functions are intervals of numbers instead of numbers. In [25], Biswas defined interval-valued fuzzy subgroups of the same
nature of Rosenfeld’s fuzzy subgroups.
Fuzzy sets and hyperstructures introduced by Zadeh andMarty, respectively, are nowused in theworld on the theoretical
point of view and for their many applications. The relations between fuzzy sets and hyperstructures have been already
considered by Corsini, Davvaz, Leoreanu, Zahedi and others, for instance see [13,26–34]. In [30], Davvaz applied the concept
of a fuzzy set to the theory of algebraic hyperstructures and defined the fuzzy sub-hypergroup (resp. Hv-subgroup) of a
hypergroup (resp. Hv-group) which is a generalization of the concept of Rosenfeld’s fuzzy subgroup of a group. In [32],
Davvaz and Corsini introduced the notion of a fuzzy and an anti-fuzzy n-ary subhypergroup of an n-ary hypergroup and
extended the fuzzy results of fundamental equivalence relations to n-ary hypergroups. In [35], the notion of a fuzzy n-ary
subpolygroup of an n-ary polygroup is defined.
In this paper, we define the triangular norm T and conorm S in the context of n-ary polygroups and introduce the concept
of an interval-valued fuzzy n-ary subpolygroup with respect to the triangular norm T (conorm S). A necessary and sufficient
condition for an interval-valued fuzzy subset to be an interval-valued fuzzyn-ary subpolygroup is stated and some important
results are discussed.
2. Basic facts about n-ary polygroups and fuzzy n-ary subpolygroups
We denote by Hn the cartesian product H × · · · × H where H appears n times. An element of Hn will be denoted by
(x1, . . . , xn)where xi ∈ H for any iwith 1 ≤ i ≤ n. In general, a mapping f : Hn −→ P ∗(H) is called an n-ary hyperoperation
and n is called the arity of the hyperoperation f .
Let f be an n-ary hyperoperation on H and A1, . . . , An be subsets of H . We define
f (A1, . . . , An) = ∪{f (x1, . . . , xn) | xi ∈ Ai, i = 1, . . . , n}.
We shall use the following abbreviated notation: The sequence xi, xi+1, . . . , xj will be denoted by xji. For j < i, x
j
i is the empty
set. Thus
f (x1, . . . , xi, yi+1, . . . , yj, zj+1, . . . , zn)
will be written as f (xi1, y
j
i+1, z
n
j+1). Ifm = k(n− 1)+ 1, then them-ary hyperoperation g given by
g(xk(n−1)+11 ) = f (f (. . . , f (f︸ ︷︷ ︸
k
(xn1), x
2n−1
n+1 ), . . .), x
k(n−1)+1
(k−1)(n−1)+2)
will be denoted by f(k). In certain situations, when the arity of g does not play a crucial role, or when it will differ depending
on additional assumptions, we write f(.), to mean f(k) for some k = 1, 2, . . .. Also, f (ai1, x∗) means f (ai1, x, . . . , x︸ ︷︷ ︸
n−i
) for
a1, . . . , ai, x ∈ H and 1 ≤ i ≤ n− 1.
A non-empty set H with an n-ary hyperoperation f : Hn −→ P ∗(H) will be called an n-ary hypergroupoid and will
be denoted by (H, f ). An n-ary hypergroupoid (H, f ) will be called an n-ary semihypergroup if and only if the following
associative axiom holds:
f (xi−11 , f (x
n+i−1
i ), x
2n−1
n+i ) = f (xj−11 , f (xn+j−1j ), x2n−1n+j )
for every i, j ∈ {1, 2, . . . , n} and x1, x2, . . . x2n−1 ∈ H .
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If for all (a1, a2, . . . , an) ∈ Hn, the set f (a1, a2, . . . , an) is singleton, then f is called an n-ary operation and (H, f ) is called
an n-ary groupoid (rep. n-ary semigroup).
Definition 2.1 ([17]). An n-ary semihypergroup (H, f ) in which equation
b ∈ f (ai−11 , xi, ani+1) (∗)
has a solution in H for every a1, . . . , ai−1, ai+1, . . . , an, b ∈ H and 1 ≤ i ≤ n, is called an n-ary hypergroup. If f is an n-ary
operation then the equation (∗) becomes:
b = f (ai−11 , xi, ani+1). (∗∗)
In this case (H, f ) is an n-ary group.
Let (H, f ) be an n-ary hypergroup and B be a non-empty subset ofH . Then B is an n-ary subhypergroup ofH if the following
conditions hold:
(1) B is closed under the n-ary hyperoperation f , i.e., for every (x1, . . . , xn) ∈ Bn we have f (x1, . . . , xn) ⊆ B.
(2) the equation b ∈ f (bi−11 , xi, bni+1) has a solution in B for every b1, . . . , bi−1, bi+1, . . . , bn, b ∈ B and 1 ≤ i ≤ n.
Definition 2.2 ([19]). An n-ary polygroup is a multivalued system 〈P, f , e, −1〉, where e ∈ P , −1 is a unitary operation on P , f
is an n-ary hyperoperation on P , and the following axioms hold for all i, j ∈ {1, . . . , n}, x1, . . . , x2n−1, x ∈ P:
(1) f (xi−11 , f (x
n+i−1
i ), x
2n−1
n+i ) = f (xj−11 , f (xn+j−1j ), x2n−1n+j ),
(2) e is a unique element such that f (e, . . . , e︸ ︷︷ ︸
i−1
, x, e, . . . , e︸ ︷︷ ︸
n−i
) = x,
(3) x ∈ f (xn1) implies xi ∈ f (x−1i−1, . . . , x−11 , x, x−1n , . . . , x−1i+1).
Example 2.3. Let P = {ei | i ∈ N}. For all i1, . . . , in elements of N, we denote
Si1,...,in = {|1i1 + 2i2 + · · · nin| : i ∈ {−1, 1}}.
Define
f (ei1 , . . . , ein) = {ei | i ∈ Si1,...,in}.
Then 〈P, f , e0 ,−1〉 is an n-ary polygroup and the inverse of any ei is ei.
Every n-ary polygroup is an n-ary hypergroup. A non-empty subset S of an n-ary polygroup P is an n-ary subpolygroup
if 〈S, f , e, −1〉 is an n-ary polygroup, i.e., if it is closed under the hyperoperation f , e ∈ S and x ∈ S implies x−1 ∈ S. The
following elementary facts about n-ary polygroups follow easily from the axioms.
(1) e ∈ f (e, . . . , e︸ ︷︷ ︸
i−1
, x, e . . . , e︸ ︷︷ ︸
j−1−i
, x−1, e, . . . , e︸ ︷︷ ︸
n−j
)where i, j ∈ {1, 2, . . . , n}, i 6= j,
(2) (x−1)−1 = x,
(3) f (xi1, e∗) = f (xi−11 , e, . . . , e︸ ︷︷ ︸
k
, xi, e∗) for 0 ≤ k < n− i,
(4) f (xn1)
−1 = f (x−1n , . . . , x−11 ).
An n-ary subpolygroup N of P is said to be normal in P if for every a ∈ P ,
f (a−1,N, a, e∗) ⊆ N.
If N be an n-ary normal subpolygroup of P , then
(1) f (a−1,N, a, e∗) = N , for all a ∈ P ,
(2) f (a,N, e∗) = f (N, a, e∗), for all a ∈ P ,
(3) f (ai2,N, a
n
i+1) = f (aj2,N, anj+1), for i, j ∈ {1, . . . , n},
(4) f (N, a, e∗) = f (N, b, e∗), for all b ∈ f (N, a, e∗),
(5) if bi ∈ f (N, ai, e∗) for i = 2, . . . , n, then f (N, bn2) = f (N, an2).
Suppose K is an n-ary subpolygroup of P . We define the relation≡K on P (n−1) as follows:
(xn2)≡k(yn2)⇐⇒ f (K , xn2) = f (K , yn2), for (xn2), (yn2) ∈ P (n−1).
It is clear that the relation≡k is an equivalence relation on P (n−1). The class of (xn2) ∈ P (n−1) is denoted by K [xn2], and the set
of all equivalence classes is denoted by P (n−1)/K . For the sequences an2, b
n
2 in P we have
(1) f (K , an2) ∩ f (K , bn2) 6= ∅ implies that f (K , an2) = f (K , bn2) and K [an2] = K [bn2],
(2) if x ∈ f (K , an2), then f (K , x, e∗) = f (K , an2) and K [x, e, . . . , e︸ ︷︷ ︸
n−2
] = K [an2].
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We denote K [x, e, . . . , e︸ ︷︷ ︸
n−2
] by K [x, e∗] and it is easy to see that
P (n−1)/K = {K [x, e∗] | x ∈ P},
where K [x, e∗] = {(xn2) ∈ P (n−1) | f (K , xn2) = f (K , x, e∗)}. Let 〈P, f , e, −1〉 be an n-ary polygroup and N be an n-ary normal
subpolygroup of P . For N[a, e∗] and N[a1, e∗], . . . ,N[an, e∗] in P (n−1)/N , we define
F : P (n−1)/N × · · · P (n−1)/N︸ ︷︷ ︸
n
−→ P ∗(P (n−1)/N),
F(N[a1, e∗], . . . ,N[an, e∗]) = {N[t, e∗] | t ∈ f (an1)}
and
−I : P (n−1)/N −→ P (n−1)/N,
N[a, e∗]−I = N[a−1, e∗].
Then 〈P (n−1)/N, F ,N, −I〉 is an n-ary polygroup.
Let 〈P1, f , e1, −1〉 and 〈P2, g, e2, −1〉 be n-ary polygroups. Amapping ϕ from P1 into P2 is said to be a strong homomorphism
if for every an1 ∈ P1,
(1) ϕ(e1) = e2,
(2) ϕ(f (an1)) = g(ϕ(a1), . . . , ϕ(an)).
It is easy to see that ϕ(a)−1 = ϕ(a−1). Let P1 and P2 be two n-ary polygroups and ϕ : P1 −→ P2 be a strong homomorphism.
(1) If S is an n-ary subpolygroup of P1, then ϕ(S) is an n-ary subpolygroup of P2,
(2) If K is an n-ary subpolygroup of P2 such that ϕ−1(K) 6= ∅, then ϕ−1(K) is an n-ary subpolygroup of P1.
We shall use the following abbreviated notation: the sequence µ(ai), µ(ai+1), . . . , µ(aj)will be denoted by µ
aj
ai .
Definition 2.4 ([32]). Let (H, f ) be an n-ary hypergroup and µ be a fuzzy subset of H . Then µ is said to be a fuzzy n-ary
subhypergroup of H if the following axioms hold:
(1) min{µxnx1} ≤ infz∈f (xn1){µ(z)} for all xn1 ∈ H ,
(2) for all ai−11 , a
n
i+1, b ∈ H and 1 ≤ i ≤ n, there exists xi ∈ H such that b ∈ f (ai−11 , xi, ani+1) and
min{µai−1a1 , µanai+1 , µ(b)} ≤ µ(xi).
Definition 2.5 ([35]). Let P be an n-ary polygroup. A fuzzy subset µ of P is called a fuzzy n-ary subpolygroup of P if the
following axioms hold:
(1) min{µxnx1} ≤ infz∈f (xn1){µ(z)} for all xn1 ∈ P ,
(2) µ(x) ≤ µ(x−1) for all x ∈ P .
Example 2.6. (1) Letµ be a fuzzy subpolygroup of a polygroup (P, ·). If for all x1, . . . , xn ∈ P , we define f (xn1) = x1 · . . . · xn
then (P, f ) is an n-ary polygroupwith the same scalar identity and each element has the same inverse as in the polygroup
P and µ is a fuzzy n-ary subpolygroup of (P, f ).
(2) Let (L,∨,∧) be a modular lattice with zero. For x1, . . . , xn of L, we denote
An = x1 ∨ · · · ∨ xn and An(i) = x1 ∨ · · · ∨ xi−1 ∨ xi+1 ∨ · · · ∨ xn.
Define f (xn1) = {z | An = z ∨ An(i), 1 ≤ i ≤ n}. Then 〈L, f , 0, −1〉 is an n-ary polygroup, where for all x of L, we have
that the inverse of x is just x.
Now, we consider µ(0) = 1 and suppose that µ satisfies the condition: if z = x ∨ y, then µ(z) = µ(x) ∧ µ(y).
Notice that for all z ∈ f (xn1), we have z ∈ x1 ∨ · · · ∨ xn, which means that z ∨ x1 ∨ · · · ∨ xn = x1 ∨ · · · ∨ xn. According
to the property of µ, we have
min{µ(z), µ(x1), . . . , µ(xn)} = min{µ(x1), . . . , µ(xn)} ≤ µ(z),
so we obtain the condition (1) of the definition of a fuzzy n-ary subpolygroup. The condition (2) of this definition is
clearly satisfied since the inverse of x is x.
Any n-ary subpolygroup of P can be realized as a level subset of some fuzzy n-ary subpolygroup of P . The characteristic
function of a non-empty subset A of an n-ary polygroup P is a fuzzy n-ary subpolygroup of P if and only if A is an n-ary
subpolygroup of P . A fuzzy subset µ in an n-ary polygroup P is a fuzzy n-ary subpolygroup if and only if each non-empty
level subset of it is an n-ary subpolygroup of P , see [35].
A strong level subset µ>t of a fuzzy set µ in P is defined by µ
>
t = {x ∈ P | µ(x) > t}. Let µ be a fuzzy set with the upper
bound t0 of an n-ary polygroup P . Then the following statements are equivalent:
(1) µ is a fuzzy n-ary subpolygroup of P .
(2) Each level subset µt , for t ∈ [0, t0] is an n-ary subpolygroup of P .
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(3) Each strong level subset µ>t , for t ∈ [0, t0] is an n-ary subpolygroup of P .
(4) Each level subset µt , for t ∈ Im (µ) is an n-ary subpolygroup of P , where Im (µ) denotes the image of µ.
(5) Each strong level subset µ>t , for t ∈ Im (µ) \ {t0} is an n-ary subpolygroup of P .
(6) Each non-empty level subset of µ is an n-ary subpolygroup of P .
(7) Each non-empty strong level subset of µ is an n-ary subpolygroup of P .
3. Interval numbers and triangular norms
By an interval number a˜, wemean an interval [a−, a+]where 0 ≤ a− ≤ a+ ≤ 1. The set of all interval numbers is denoted
by D[0, 1]. The interval [a,a] can be simply identified by the number a ∈ [0, 1]. For the interval numbers a˜i = [a−i , a+i ],
b˜i = [b−i , b+i ] ∈ D[0, 1], i ∈ I , we define
max{a˜i, b˜i} = [max(a−i , b−i ),max(a+i , b+i )],
min{a˜i, b˜i} = [min(a−i , b−i ),min(a+i , b+i )],
inf a˜i =
[∧
i∈I
a−i ,
∧
i∈I
a+i
]
,
sup a˜i =
[∨
i∈I
a−i ,
∨
i∈I
a+i
]
,
and we put
(i) a˜1 ≤ a˜2 ⇔ a−1 ≤ a−2 and a+1 ≤ a+2 ,
(ii) a˜1 = a˜2 ⇔ a−1 = a−2 and a+1 = a+2 ,
(iii) a˜1 < a˜2 ⇔ a˜1 ≤ a˜2 and a˜1 6= a˜2,
(iv) k˜a = [ka−, ka+], whenever 0 ≤ k ≤ 1.
Then, it is clear that (D[0, 1],≤,∧,∨) forms a complete lattice with 0 = [0, 0] as its least element and 1 = [1, 1] as its
greatest element. The interval-valued fuzzy sets provide a more adequate description of uncertainty than the traditional
fuzzy sets. It is therefore important to use interval-valued fuzzy sets in applications. One of the main applications of fuzzy
sets is fuzzy control, and one of the most computationally part of fuzzy control is the ‘‘defuzzification’’. Since a transition to
interval-valued fuzzy sets usually increases the amount of computations, it is vitally important to design faster algorithms
for the corresponding defuzzification. Recall that an interval-valued fuzzy set F on X is the set
F = {(x, [µ−F (x), µ+F (x)]) | x ∈ X},
where µ−F and µ
+
F are two fuzzy subsets of X such that µ
−
F (x) ≤ µ+F (x) for x ∈ X . Putting µ˜F (x) = [µ−F (x), µ+F (x)], we see
that F = {(x, µ˜F (x)) | x ∈ X}, where µ˜F : X → D[0, 1]. Let F be an interval-valued fuzzy set. Then, for every t˜ ∈ D[0, 1],
the sets U(F , t˜) = {x ∈ X | µ˜F (x) ≥ t˜} and L(F , t˜) = {x ∈ X | µ˜F (x) ≤ t˜} are called the interval-valued level subsets of
F . Let f be a mapping from X to Y . Let A and B be interval-valued fuzzy subsets in X and Y , respectively. Then the inverse
image of B under f , denoted by f −1(B), is an interval-valued fuzzy subset of X with the membership function defined by
µ˜f−1(B)(x) = µ˜B(f (x)) for all x ∈ X , and the image and anti image of A under f , denoted by f (A) and f∗(A) respectively, are
interval-valued fuzzy subsets of Y with the membership functions defined by
µ˜f (A)(y) =

∨
x∈f−1(y)
µ˜A(x) if f −1(y) 6= ∅,
[0, 0] otherwise
and
µ˜f∗(A)(y) =

∧
x∈f−1(y)
µ˜A(x) if f −1(y) 6= ∅,
[1, 1] otherwise
for all y ∈ Y .
A t-norm is a mapping T : [0, 1] × [0, 1] → [0, 1] satisfying, for all x, y, z ∈ [0, 1],
(i) T (x, 1) = x,
(ii) T (x, y) = T (y, x),
(iii) T (x, T (y, z)) = T (T (x, y), z),
(iv) T (x, y) ≤ T (x, z)whenever y ≤ z.
Let T be a t-norm on [0, 1]. We define T ni=1xi, and DT as follows:
T ni=1xi = T (T n−1i=1 xi, xn) = T (x1, x2, . . . , xn),
DT = {x ∈ [0, 1] | T (x, x) = x}.
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It is clear that DT coincides with [0, 1], when T = ∧. In particular, for every t-norm T , we have T (x1, x2, . . . , xn) ≤
x1 ∧ x2 ∧ · · · ∧ xn for all x1, x2, . . . , xn ∈ [0, 1]. There exist uncountably t-norms. The following are the four basic t-norms
TM , TP , TL, and TD given respectively by:
TM(x, y) = min(x, y), (minimum)
TP(x, y) = x · y, (product)
TL(x, y) = max(x+ y− 1, 0), (Lukasiewicz t-norm)
TD(x, y) =
{
0 if (x, y) ∈ [0, 1)2
min(x, y) otherwise. (drastic product)
Let T1 and T2 be two t-norms. T1 is calledweaker than T2 or T2 is stronger than T1 andwewrite T1 ≤ T2 if for all x, y ∈ [0, 1],
T1(x, y) ≤ T2(x, y).
T2 is said to dominate T1 and we write T1  T2 if for all a, b, c, d ∈ [0, 1],
T1(T2(a, c), T2(b, d)) ≤ T2(T1(a, b), T1(c, d)).
A t-conorm is a mapping S : [0, 1] × [0, 1] → [0, 1] satisfying, for all x, y, z ∈ [0, 1],
(i) S(x, 0) = x,
(ii) S(x, y) = S(y, x),
(iii) S(x, S(y, z)) = S(S(x, y), z),
(iv) S(x, y) ≤ S(x, z)whenever y ≤ z.
Let S1 and S2 be two t-conorms. S2 is said to dominate S1 and we write S1  S2 if for all a, b, c, d ∈ [0, 1],
S1(S2(a, c), S2(b, d)) ≥ S2(S1(a, b), S1(c, d))
and S1 is said weaker than S2 or S2 is stronger than S1 and we write S1 ≤ S2 if for all x, y ∈ [0, 1], S1(x, y) ≤ S2(x, y).
Let S be a t-conorm on [0, 1]. We define Sni=1xi, and DS as follows:
Sni=1xi = S(Sn−1i=1 xi, xn) = S(x1, x2, . . . , xn),
DS = {x ∈ [0, 1] | S(x, x) = x}.
It is clear that DS coincides with [0, 1], when S = ∨.
A t-norm T on [0, 1] is called infinitely ∨-distributive if
T
(
x,
∨
τ∈Q
yτ
)
=
∨
τ∈Q
T (x, yτ ) and T
(∨
τ∈Q
yτ , x
)
=
∨
τ∈Q
T (yτ , x)
for all x ∈ [0, 1] and every family {yτ , τ ∈ Q } in [0, 1]. Similarly, a t-conorm S on [0, 1] is called infinitely ∧-distributive if
S
(
x,
∧
τ∈Q
yτ
)
=
∧
τ∈Q
S(x, yτ ) and S
(∧
τ∈Q
yτ , x
)
=
∧
τ∈Q
S(yτ , x)
for all x ∈ [0, 1] and every family {yτ , τ ∈ Q } in [0, 1]. Let T be a t-norm.Define themapping TH : D[0, 1]×D[0, 1] → D[0, 1]
by (˜a, b˜)→ TH (˜a, b˜) = [T (a−, b−), T (a+, b+)]. Then TH is called an interval t-norm. Similarly, let S be a t-conorm.We define
the mapping SH : D[0, 1] × D[0, 1] → D[0, 1] by (˜a, b˜)→ SH (˜a, b˜) = [S(a−, b−), S(a+, b+)]. Then SH is called an interval
t-conorm satisfying the conditions of the definition.
4. TH and SH interval valued fuzzy n-ary subpolygroups
Interval-valued fuzzy n-ary subhypergroups were investigated by Yamak, Kazanci and Davvaz in [36]. Now, we
investigate interval-valued fuzzy n-ary subpolygroups.
Definition 4.1. Let 〈P, f , e, −1〉 be an n-ary polygroup and TH be an interval t-norm. An interval-valued fuzzy subset F of P
is said to be an interval-valued fuzzy n-ary subpolygroup with respect to TH , if the following axioms hold:
(1) TH
(
µ˜F
xn
x1
) ≤∧z∈f (xn1){µ˜F (z)} for all xn1 ∈ P ,
(2) µ˜F (x) ≤ µ˜F (x−1) for all x ∈ P .
In particular, an F interval-valued fuzzy n-ary subpolygroup with respect to TH is simply called an interval-valued fuzzy
n-ary subpolygroup when T = ∧.
Example 4.2. (1) Let 〈L, f , 0, −1〉 be the n-ary polygroup defined in Example 2.6, (2). If F− and F+ are n-ary subpolygroups of
〈L, f , 0, −1〉 such that F− ⊆ F+ ⊆ L, then define µ−F = χF− and µ+F = χF+ , which means that µ−F , µ+F are characteristic
functions. Clearly, we have that χF− ≤ χF+ , so F = {(x, [µ−F (x), µ+F (x)]) | x ∈ L} is a interval-valued fuzzy subset of L.
Moreover, consider the t-norm TM (minimum). Since F− and F+ are n-ary subpolygroups of 〈L, f , 0, −1〉 it follows that
for all z ∈ f (xn1)we have µ−F (x1) ∧ · · · ∧ µ−F (xn) ≤ µ−F (z) and µ+F (x1) ∧ · · · ∧ µ+F (xn) ≤ µ+F (z), whence we obtain the
condition (1) of Definition 4.1. The second condition of Definition 4.1 is clearly satisfied. Hence F is an interval-valued
fuzzy n-ary subpolygroup.
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(2) Consider the same n-ary polygroup 〈L, f , 0, −1〉 as in the above example and let F− and F+ be n-ary subpolygroups of
〈L, f , 0, −1〉 such that F− ⊆ F+ ⊆ L. Define µ−F = χF− and µ+F such that it satisfies the following conditions:
(α). for all x ∈ F−, we have µ+F (x) = 1;
(β). for all x, y ∈ L, we have
µ+F (x ∨ y) = min{µ+F (x), µ+F (y)}.
From the condition (α), we obtain χF− ≤ µ+F . On the other hand, for all z ∈ f (xn1), we have z ∨ x1 ∨ x2 ∨ · · · ∨ xn =
x1 ∨ x2 ∨ · · · ∨ xn and so, from (β), we obtain
min{µ+F (z), µ+F (x1), µ+F (x2), . . . , µ+F (xn)} = min{µ+F (x1), µ+F (x2), . . . , µ+F (xn)},
whence
µ+F (z) ≥ min{µ+F (x1), µ+F (x2), . . . , µ+F (xn)}.
It follows that F = {(x, [µ−F (x), µ+F (x)]) | x ∈ L} is an interval-valued fuzzy n-ary subpolygroup.
It is clear that every interval-valued fuzzy n-ary subpolyroup F is an interval-valued fuzzy n-ary subpolygroup with
respect to TH . But, the converse is not true in general, as it can be seen in the following example.
Example 4.3. Consider the n-ary polygroup given in Example 2.3. Define the fuzzy sets µ−F and µ
+
F as follows: for all i ∈ N,
µ−F (ei) = 1/(i+ 1), for all i ∈ N, i 6= 0, µ+F (ei) = 1/i and µ+F (e0) = 1. Clearly, we have µ−F ≤ µ+F . We consider the t-norm
TP (product).
Let ei be an arbitrary element of f (ei1 , . . . , ein). Then ei = e|1 i1+2i2+···nin| for some 1, . . . , n ∈ {−1, 1}.
We have
µ+F (ei) ≥ µ+F (ei1) · µ+F (ei2) · · · · · µ+F (ein)
since i1 · i2 · · · · · in ≥ i1 + i2 + · · · + in ≥ |1i1 + 2i2 + · · · + nin| = i.
Similarly, we have
µ−F (ei) ≥ µ−F (ei1) · µ−F (ei2) · · · · · µ−F (ein).
Hence F = {(x, [µ−F (x), µ+F (x)]) | x ∈ H} is an interval-valued fuzzy n-ary subpolygroup with respect to TP , but it is not an
interval-valued fuzzy n-ary subpolygroup.
Indeed, if i1, . . . , in are nonzero elements ofN, then there exists ei1+···+in in f (ei1 , . . . , ein) such that: max{i1, i2, . . . , in} 6≥
i1 + i2 + · · · + in,which means that
µ+F (ei1+i2+···+in) 6≥ min{µ+F (ei1), µ+F (ei2), . . . , µ+F (ein)}.
Let 〈P, f , e, −1〉 be an n-ary polygroup and TH be an interval t-norm. If A and B are interval-valued fuzzy n-ary
subpolygroups of P with respect to TH , then A ∩ B is also an interval-valued fuzzy n-ary subpolygroup of P with respect
to TH , but A ∪ B is not, in general.
Definition 4.4. Let 〈P, f , e, −1〉 be an n-ary polygroup and SH be an interval t-conorm. An interval-valued fuzzy subset F of
P is said to be an interval-valued anti-fuzzy n-ary subpolygroup with respect to SH , if the following axioms hold:
(1) SH
(
µ˜F
xn
x1
) ≥∨z∈f (xn1){µ˜F (z)} for all xn1 ∈ P ,
(2) µ˜F (x) ≤ µ˜F (x−1) for all x ∈ P .
Let 〈P, f , e, −1〉 be an n-ary polygroup and SH be an interval t-conorm. If A and B are interval-valued anti-fuzzy n-ary
subpolygroups of P with respect to SH , then A∪ B is also an interval-valued anti-fuzzy n-ary subpolygroup of P with respect
to SH , but A ∩ B is not, in general.
Theorem 4.5. Let 〈P, f , e, −1〉 be an n-ary polygroup and TH be an interval t-norm. Let F be an interval-valued fuzzy subset of
P such that Im F ⊆ DTH and s˜ =
∨
Im F . Then the following conditions are equivalent:
(i) F is an interval-valued fuzzy n-ary subpolygroup of P with respect to TH ,
(ii) U(F , t˜)(6= ∅) is an n-ary subpolygroup of P whenever t˜ ∈ DTH and 0˜ < t˜ ≤ s˜.
Proof. (i⇒ ii): Let F be an interval-valued fuzzy n-ary subpolygroup of P and t˜ ∈ DTH , 0˜ < t˜ ≤ s˜. For every xn1 ∈ U(F , t˜)we
have µ˜F (x1) ≥ t˜ , µ˜F (x2) ≥ t˜, . . . , µ˜F (xn) ≥ t˜ . Then for every z ∈ f (xn1)we have∧
z∈f (xn1)
{µ˜F (z)} ≥ TH
(
µ˜F
xn
x1
) ≥ TH (˜t, t˜, . . . , t˜) = t˜.
Hence f (xn1) ⊆ U(F , t˜).
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Now, let x ∈ U(F , t˜). Then, we have µ˜F (x) ≥ t˜ . Since µ˜F (x) ≤ µ˜F (x−1), we obtain that µ˜F (x−1) ≥ t˜ which implies that
x−1 ∈ U(F , t˜). This proves that U(F , t˜) is an n-ary subpolygroup of P .
(ii⇒ i): Let F be a fuzzy subset of P such that U(F , t˜)(6= ∅) is an n-ary subpolygroup of P for all t˜ ∈ DTH and 0˜ < t˜ ≤ s˜.
Let xn1 ∈ P . Since Im F ⊆ DTH , we have TH
(
µ˜F
xn
x1
) ∈ DTH . Assume that t˜ = TH (µ˜F xnx1). If t˜ = 0˜ then
TH
(
µ˜F
xn
x1
) ≤ ∧
z∈f (xn1)
{µ˜F (z)}.
Let
0˜ < t˜ = TH
(
µ˜F
xn
x1
) ≤ min{µ˜F xnx1} ≤ s˜.
Hence xn1 ∈ U(F , t˜)which implies that f (xn1) ⊆ U(F , t˜). Therefore TH
(
µ˜F
xn
x1
) ≤∧z∈f (xn1){µ˜F (z)}.
Now, let x ∈ P . Put r˜ = µ˜F (x). If r˜ = 0˜, then µ˜F (x) = 0 ≤ µ˜F (x−1). If 0˜ < r˜ , then we have r˜ ∈ DTH , 0˜ < r˜ ≤ s˜. From
r˜ = µ˜F (x)we obtain x ∈ U(F , r˜), and so x−1 ∈ U(F , r˜). Therefore r˜ ≤ µ˜F (x−1) and so µ˜F (x) ≤ µ˜F (x−1). 
In Theorem 4.5, the conditions (i) and (ii) are not equivalent in general when t˜ 6∈ DTH , as can be seen in the following
example.
Example 4.6. Let us consider the n-ary polygroup given in Example 2.3. and the interval-valued fuzzy n-ary subpolygroup
F with respect to TH , presented in Example 4.3. Set n ≥ 3.
Take t˜ = [1/3, 1/2] and en ∈ f (e1∗). Notice that µ˜F (e1) = [1/2, 1] ≥ [1/3, 1/2], which means that e1 ∈ U(F , t˜).
On the other hand, µ˜F (en) = [1/(n+ 1), 1/n] 6≥ [1/3, 1/2]. In other words, en 6∈ U(F , t˜). Hence U(F , t˜) is not an n-ary
subpolygroup of P.
Theorem 4.7. Let 〈P, f , e, −1〉 be an n-ary polygroup and SH be a interval t-conorm. Let F be an interval-valued fuzzy subset of
P such that Im F ⊆ DSH and s˜ =
∧
Im F . Then the following conditions are equivalent:
(i) F is an interval-valued anti-fuzzy n-ary subpolygroup of P with respect to SH ,
(ii) L(F , t˜)(6= ∅) is an n- ary subpolygroup of P whenever t˜ ∈ DSH and s˜ ≤ t˜ < 1˜.
Proof. The proof is similar to the proof of Theorem 4.5 and we omit it. 
Theorem 4.8. Let (P1, f ) and (P2, g) be two n-ary polygroups and ϕ : P1 → P2 be a homomorphism.
(i) If T is an infinitely∨-distributive t-norm and A is an interval-valued fuzzy n-ary subpolygroup of P1 with respect to TH . Then
the image ϕ(A) of A is an interval-valued fuzzy n-ary subpolygroup of P2 with respect to TH .
(ii) If B is an interval-valued fuzzy n-ary subpolygroup of P2 with respect to TH . Then the inverse image ϕ−1(B) of B is an interval-
valued fuzzy n-ary subpolygroup of P1 with respect to TH .
Proof. (i) Let yn1 ∈ P2. If ϕ−1(yi) = ∅ for some i, then TH(µ˜ϕ(A)(yn1)) = 0 ≤
∧
ω∈g(yn1){µ˜ϕ(A)(ω)}. So, let ϕ−1(yi) 6= ∅ for all
1 ≤ i ≤ n. Since T is infinitely ∨-distributive, we have
TH
(
µ˜ϕ(A)(yn1)
) = TH ( ∨
ϕ(x1)=y1
{µ˜A(x1)}, . . . ,
∨
ϕ(xn)=yn
{µ˜A(xn)}
)
=
∨
ϕ(xi)=yi,1≤i≤n
{
TH
(
µ˜A
xn
x1
)}
≤
∨
ϕ(xi)=yi,1≤i≤n
 ∧
z∈f (xn1)
{µ˜A(z)}

≤
∨
ϕ(f (xn1))=g(yn1)
 ∧
z∈f (xn1)
{µ˜A(z)}

≤
∧
ω∈g(yn1)
{ ∨
ϕ(z)=ω
{µ˜A(z)}
}
=
∧
ω∈g(yn1)
{
µ˜ϕ(A)(ω)
}
.
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Let x ∈ P2. Then
µ˜ϕ(A)(x−1) =
∨
y∈ϕ−1(x−1)
{µ˜A(y)}
=
∨
ϕ(y)=x−1
{µ˜A(y)}
=
∨
ϕ(y−1)=x
{µ˜A((y−1)−1)}
≥
∨
ϕ(y−1)=x
{µ˜A(y−1)}
=
∨
ϕ(z)=x
{µ˜A(z)}
= µ˜ϕ(A)(x).
Therefore ϕ(A) is an interval-valued fuzzy n-ary subpolygroup of P2 with respect to TH .
(ii) Let xn1 ∈ P1. Then ϕxnx1 ∈ P2. Hence
TH (µ˜B(ϕ(x1)), . . . , µ˜B(ϕ(xn))) ≤
∧
ω∈g(ϕ(x1),...,ϕ(xn))
{µ˜B(ω)}.
Thus
TH
(
µ˜ϕ−1(B)(x1), . . . , µ˜ϕ−1(B)(xn)
) ≤ ∧
ω∈g(ϕ(x1),...,ϕ(xn))
{µ˜B(ω)}
≤
∧
z∈f (xn1)
{µ˜B(ϕ(z))}
=
∧
z∈f (xn1)
{µ˜ϕ−1(B)(z)}.
Now, let x ∈ P1. Then
µ˜ϕ−1(B)(x
−1) = µ˜B(ϕ(x−1)) = µ˜B(ϕ(x)−1)
≥ µ˜B(ϕ(x)) = µ˜ϕ−1(B)(x).
Therefore, ϕ−1(B) is an interval-valued fuzzy n-ary subpolygroup of P1 with respect to TH . 
Theorem 4.9. Let (P1, f ) and (P2, g) be two n-ary polygroups and ϕ : P1 → P2 be a homomorphism.
(i) If S is an infinitely ∧-distributive t-conorm and A is an interval-valued anti-fuzzy n-ary subpolygroup of P1 with respect to
SH , then the anti-image ϕ∗(A) of A is an interval-valued anti-fuzzy n-ary subpolygroup of P2 with respect to SH .
(ii) If B is an interval-valued anti-fuzzy n-ary subpolygroup of P2 with respect to SH , then the inverse image ϕ−1(B) of B is an
interval-valued anti-fuzzy n-ary subpolygroup of P1 with respect to SH .
Proof. The proof is similar to the proof of Theorem 4.8. 
Theorem 4.10. Let (P1, f ) and (P2, g) be two n-ary polygroups and ϕ : P1 → P2 be a homomorphism. Let T be an infinitely
∨-distributive t-norm and A be an interval-valued anti-fuzzy n-ary subpolygroup of P1 with respect to TH . We define
µ˜A−1(x) = µ˜A(x−1) for every x ∈ P1.
Then
(1) A−1 is an interval-valued fuzzy n-ary subpolygroup of P1 with respect to TH .
(2) ϕ(µ˜A−1) = (ϕ(µ˜A))−1.
Proof. (1) For every x ∈ P1, we have
TH
(
µ˜A−1(x1), . . . , µ˜A−1(xn)
) = TH (µ˜A(x−11 ), . . . , µ˜A(x−1n ))
= TH
(
µ˜A(x−1n ), . . . , µ˜A(x
−1
1 )
)
≤
∧
y∈f (x−1n ,...,x−11 )
{µ˜A(y)}
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=
∧
y∈f (xn1)−1
{µ˜A(y)}
=
∧
y−1∈f (xn1)
{µ˜A(y)}
=
∧
y−1∈f (xn1)
{µ˜A−1(y−1)}
=
∧
z∈f (xn1)
{µ˜A−1(z)}
and for the second condition of the definition, we have
µ˜A−1(x
−1) = µ˜A((x−1)−1) ≤ µ˜A(x−1) = µ˜A−1(x).
Therefore A−1 is an interval-valued fuzzy n-ary subpolygroup of P1 with respect to TH .
(2) By Theorem 4.8, we know that ϕ(A) is an interval-valued fuzzy n-ary subpolygroup of P2 with respect to TH . So, we
define
(ϕ(µ˜A))
−1 (y) = ϕ(µ˜A)(y−1) for every y ∈ P2,
and so
ϕ(µ˜A−1)(y) =
∧
x∈ϕ−1(y)
{µ˜A−1(x)}
=
∧
y−1=ϕ(x−1)
{µ˜A(x−1)}
=
∧
y−1=ϕ(z)
{µ˜A(z)}
=
∧
z∈ϕ−1(y−1)
{µ˜A(z)}
= ϕ(µ˜A)(y−1)
= (ϕ(µ˜A))−1 (y). 
Theorem 4.11. Let (P1, f ) and (P2, g) be two n-ary polygroups and ϕ : P1 → P2 be a homomorphism. Let S be an infinitely
∧-distributive t-conorm and A be an interval-valued anti-fuzzy n-ary subpolygroup of P1 with respect to SH . We define
µ˜A−1(x) = µ˜A(x−1) for every x ∈ P1.
Then
(1) A−1 is an interval-valued anti-fuzzy n-ary subpolygroup of P1 with respect to SH .
(2) ϕ(µ˜A−1) = (ϕ(µ˜A))−1.
Proof. The proof is similar to the proof of Theorem 4.10 and we omit it. 
Let (P1, f1) and (P2, f2) be two n-ary polygroups. The direct product (P1×P2, f1×f2) is the n-ary polygroupwhose universe
is the set P1 × P2 and such that for an1 ∈ P1, bn1 ∈ P2,
(f1 × f2)((a1, b1), . . . , (an, bn)) = {(a, b) | a ∈ f1(an1), b ∈ f2(bn1)}.
Definition 4.12. Let (P1, f1), (P2, f2) be two n-ary polygroups and let T be a t-norm. Let F1, F2 be interval-valued fuzzy n-ary
subpolygroups of P1 and P2, respectively. Then the T -product of F1 and F2 is the interval-valued fuzzy subset F1×TH F2 of
P1 × P2, where
µ˜F1 ×TH F2(x, y) = TH
(
µ˜F1(x), µ˜F2(y)
)
for all (x, y) ∈ P1 × P2.
Theorem 4.13. Let (P1, f1) and (P2, f2) be two n-ary polygroups and F1 and F2 be an interval-valued fuzzy n-ary subpolygroups
of P1 and P2 with respect to TiH , i = 1, 2, respectively. Let T ′ be a t-norm such that T ′ ≤ T1, T2 and let T be a t-norm such that
T ′  T . Then the T-product F1×TH F2 is an interval-valued fuzzy n-ary subpolygroup of P1 × P2 with respect to T ′H .
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Proof. Let (a1, b1), . . . , (an, bn) ∈ P1 × P2. For every (z1, z2) ∈ (f1 × f2)((a1, b1), . . . , (an, bn))we have
µ˜F1 ×TH F2(z1, z2) = TH
(
µ˜F1(z1), µ˜F2(z2)
)
≥ TH
(
T1H
(
µ˜F1(a1), . . . , µ˜F1(an)
)
, T2H
(
µ˜F2(b1), . . . , µ˜F2(bn)
))
≥ TH
(
T ′H
(
µ˜F1(a1), . . . , µ˜F1(an)
)
, T ′H
(
µ˜F2(b1), . . . , µ˜F2(bn)
))
≥ T ′H
(
TH
(
µ˜F1(a1), µ˜F2(b1)
)
, . . . , TH
(
µ˜F1(an), µ˜F2(bn)
))
= T ′H
(
µ˜F1 ×TH F2(a1, b1), . . . , µ˜F1 ×TH F2(an, bn)
)
.
Therefore
T ′H
(
µ˜F1 ×TH F2(a1, b1), . . . , µ˜F1 ×TH F2(an, bn)
)
≤
∧
(z1,z2)∈(f1×f2)((a1,b1),...,(an,bn))
{
µ˜F1 ×TH F2(z1, z2)
}
.
Hence the first condition of the definition holds. Now, we prove the second condition as follows: For every (x1, x2) ∈ P1×P2
we have
µ˜F1 ×TH F2(x1, x2) = TH
(
µ˜F1(x1), µ˜F2(x2)
)
≤ TH
(
µ˜F1(x
−1
1 ), µ˜F2(x
−1
2 )
)
= µ˜F1 ×TH F2(x−11 , x−12 ). 
Corollary 4.14. Let (P1, f1) and (P2, f2) be two n-ary polygroups and F1 and F2 be interval-valued fuzzy n-ary subpolygroups of
P1 and P2 with respect to TH , respectively. Then F1×TH F2 is an interval-valued fuzzy n-ary subpolygroup of P1 × P2 with respect
to TH .
Theorem 4.15. Let (P1, f1) and (P2, f2) be two n-ary polygroups and F1 and F2 be interval-valued anti-fuzzy n-ary subpolygroups
of P1 and P2 with respect to SiH , i = 1, 2, respectively. Let S ′ be a t-conorm such that S ′ ≥ S1, S2 and let S be a t-conorm such
that S ′  S. Then the S-product F1×SH F2 is an interval-valued anti-fuzzy n-ary subpolygroup of P1 × P2 with respect to S ′H .
Proof. The proof is similar to the proof of Theorem 4.13. 
Corollary 4.16. Let (P1, f1) and (P2, f2) be two n-ary polygroups and F1 and F2 be interval-valued anti-fuzzy n-ary subpolygroups
of P1 and P2 with respect to SH , respectively. Then F1×SH F2 is an interval-valued anti-fuzzy n-ary subpolygroup of P1 × P2 with
respect to SH .
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